Abstract. Using maps due to Ozeki and Broué-Enguehard between graded spaces of invariants for certain finite groups and the algebra of modular forms of even weight we equip these invariants spaces with a differential operator which gives them the structure of a Rankin-Cohen algebra. A direct interpretation of the Rankin-Cohen bracket in terms of transvectant for the group SL(2, C) is given.
Introduction
Classically, there are many interesting connections between differential operators and the theory of elliptic modular forms and many interesting results with generalizations have been explored (see [3, 11, 15] ). For instance, in 1975 H. Cohen constructed certain covariant bilinear operators which he used to obtain modular forms with interesting Fourier coefficients [4] . Later, these operators were called Rankin-Cohen operators by D. Zagier who studied the algebraic relations they satisfy [15] . Futhermore, Rankin-Cohen operators appear as the various terms in the expansion of the composition of two symbols in a certain symbolic calculus associated with SL(2, R) [14] . On the other hand, there are well-known maps [2, 1, 10] between algebras of homogeneous invariants of certain finite groups graded by the degree and the algebra of modular forms for the full modular group graded by the weight; this is related to coding constructions of lattices (see [5, 6, 12] ), a binary (resp. ternary) code of length n yielding a modular form of weight n/2 (resp. n). In that context it was natural to look for a differential operator acting on polynomials which would attach to a pair of invariant polynomials of respective degree m, n an invariant polynomial of degree m + n + 4ν, in the binary codes case or m + n + 2ν in the ternary codes case.
This program is achieved in the present article by using an analogue of the derivation of order 2 in [15, Eq. (33) ]. In each algebra of invariants considered we introduce a differential operator which sends invariants of degree n on invariants of degree n + 4, or n + 2 in the ternary case.
Independently of these considerations an explanation of the analogy between RankinCohen brackets and transvectants of invariant theory already noticed in [15] is given. A deep analogy-different from the BE maps-between modular forms and homogeneous polynomials is emphasized. Homogeneous polynomials in two variables transform under the action of SL(2, C) like modular forms of weight − n
Invariants and modular forms
First we recall some basic facts and notations on modular forms. Denote E 2 (τ ), E 4 (τ ), E 6 (τ ) the Eisenstein series of order 2, 4, 6 and the cusp form (τ ) of weight 12 as
where, as usual q = exp(2πiτ ), and the sum of r th power of divisor function is σ r (m) := d|m d r . As is well-known E 4 , E 6 are modular forms of weight 4 and 6 but E 2 is not. The following result is due to Hecke. 
and
These two matrices generate a matrix group H 2 of order 192. There is a subgroup G 2 ≤ H 2 of index 2 defined as the kernel of the following linear character defined on the generators of H 2 as
Define the following invariants for the group M 2 , N 2 of degree 8 and 24, respectively:
It is well-known and easy to check by computer that
Similarly, we have
where k 12 is an invariant introduced by Klein [6] 
The following result is due to Broué-Enguehard [2] .
Theorem 2 The map
defined by
is an algebra isomorphism.
The range of this map was extended recently by Ozeki [10] to the ring of even weight modular forms.
Theorem 3 The map
A similar result also due to Broué-Enguehard [2] uses the group G 3 := M 3 , N 3 where
with j a complex cubic root of unity. It turns out that G 3 is abstractly isomorphic to SL 2 (F 3 ) [6] . Primary invariants for G 3 are
as well as
It is known that
Theorem 4 The map
given by
Rankin-Cohen brackets
We begin by recalling the setting of [15] . Let f (τ ) (resp. g(τ )) denote a modular form of weight k (resp. l). 
The Rankin-Cohen bracket of index ν can then be expressed as
In view of the maps defined in the preceding section it is natural, from a categorical standpoint, to define the Rankin-Cohen bracket of two polynomials as the preimage of the RC bracket of their respective images. Specifically, two invariants K , L of degree 2k and 2l being given we define their RC bracket as
for j = 2, 3. In order to treat the two groups G 2 , G 3 in a unified manner we view the respective invariants as polynomials in two variables Q, R say which will be the two generators of the invariant algebra namely the pair (ψ 8 
where k is the weight of f and δ( f ) is a derivation of order 2 on the algebra
Define D the invariant analogue of the derivation δ as
With this notation indeed we have for
for j = 1, 2. We are now in a position to state the main result of this section. This somewhat abstract formulation can be made more explicit in each of the two cases at hand by going back to variables x, y. We will give detailed calculations for G 2 and a sketch for G 3 .
Theorem 5 The Rankin-Cohen bracket for G
2 -invariants K , L of respective degrees 2k, 2l (or G 3 invariants of degree k, l) is given by K , L ν = r +s=ν ν + k − 1 s ν + l − 1 r f r g
Corollary 1 The Rankin-Cohen bracket of order
, given by the expression in Theorem 5 where
To express D in variables x, y we write h(x, y) =ĥ(Q, R) and differentiate on both sides to get
After expressing dx, dy as a function of dQ, dR and identifying coefficients of dQ, dR on both sides we get
where J := ∂Q/∂x ∂R/∂ y − ∂Q/∂ y ∂R/∂ x, the determinant of the Jacobian matrix for the change of variables. For convenience set F := Q 3 − R 2 . Then it can be shown, after plugging the preceding expressions into its definition that the derivation operator can be expressed as:
Clearly this part of the calculation does not depend on the special BE map under consideration. Now we specialize to Q = ψ 8 , R = k 12 to get
Therefrom we obtain 
Proof:
We specialize the preceding to Q = ψ 4 and R = k 6 to get
Therefore we obtain
For instance this yields D(ψ 4 ) = −k 6 /3.
Transvectants
The relationship between transvectants and Rankin Cohen brackets is stated as an open problem in [15, §7] and as immediate in [7, p. 102] . In this section we make this connection explicit. Recall from [7, p. 99] Cayley's so-called process:
a second order differential operator in 4 variables x 1 , y 1 , x 2 , y 2 . To quote [13] "this operator plays the role for GL(n, C) of the Reynolds operator for finite groups" (in our case n = 2). The r th transvectant of two functions U and V is defined in [7, (3. 
Conclusion
Since the times of Klein [6] the analogies between invariant theory and modular forms have emerged. We explore these similarities for Rankin-Cohen brackets. Klein's approach was developped in modern times by Broué and Enguehard [2] in relation with coding theory. This aspect is reflected in the first part of the paper. In §4 we develop another approach where a polynomial of degree d transforms under the action of SL(2, C) like a modular form of weight −d. This explains the similarity between Rankin-Cohen brackets and transvectants as observed in [15] .
